Violation of the Leggett-Garg inequality with weak measurements of photons 
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By weakly measuring the polarization of a photon between two strong polarization measurements, 
we experimentally investigate the correlation between the appearance of anomalous values in quan- 
tum weak measurements, and the violation of realism and non-intrusiveness of measurements. A 
quantitative formulation of the latter concept is expressed in terms of a Leggett-Garg inequality for 
the outcomes of subsequent measurements of an individual quantum system. We experimentally 
violate the Leggett-Garg inequality for several measurement strengths. Furthermore, we experimen- 
tally demonstrate that there is a one-to-one correlation between achieving strange weak values and 
violating the Leggett-Garg inequality. 



One of the fundamental challenges in understanding 
the world is addressing the question of whether or not 
systems have a real state independent of observation. 
Key ideas addressing this question include the Bell in- 
equality, with its joint assumption of realism and/or lo- 
cality [TJ [2j [3], and context uality tests, which examine 
whether or not identical experiments produce results in 
different "classically equivalent" contexts [4 j. Both ex- 
amples rely on state preparations — which can be viewed 
as the outcome of an initial measurement — followed by a 
final measurement from which outcomes are computed. 
A conceptually elegant extension to this is the idea of 
measuring the system between the initial and final mea- 
surements. A test — the Leggett-Garg inequality (LGI) — 
has been proposed which is based on a series of three mea- 
surements, and its violation implies a failure of the as- 
sumptions of realism and noninvasive detection [5 . Here 
we present a photonic experiment that violates a gen- 
eralised LGI [6] by 14 standard deviations. We used a 
weak measurement to minimize invasiveness [7J [8] . Fur- 
thermore, we experimentally demonstrate a one-to-one 
relation [9] between LGI violations and strange weak- 
valued measurements, which are also connected with the 
inability to determine a classical trajectory between an 
earlier and a later measurement. 

Quantum mechanics only provides outcome probabili- 
ties, without describing the state in between the prepara- 
tion and the measurement. In the standard view, a mea- 
surement interrupts the unitary evolution of the state 
via the collapse of its wavefunction. In 1985, Leggett 
and Garg introduced an inequality [5 bounding the cor- 
relation for consecutive measurements on a single system 
based on the joint assumptions of macroscopic realism 
and noninvasive measurement: a macroscopic system will 
at all times be in only one of its available states, and it is 
possible to determine such a state with arbitrarily small 



disturbance on its subsequent evolution. Thus a viola- 
tion of the LGI tells us that either earlier measurements 
perturbed the system, changing the results of later mea- 
surements, or macroscopic realism is untenable, or both. 

The trick to testing the LGI is to be able to monitor the 
system without "collapsing" the wavefunction: to make 
a so-called weak measurement [7]. A weak measurement 
is one for which it is possible, in principle, to reduce the 
back action on the system to an arbitrarily small amount. 

Shortly after Leggett and Garg introduced their in- 
equality, Aharanov and Vaidman suggested that observ- 
ing the result of a weak measurement conditioned on 
a specific result of a separate projective measurement 
leads to unusual results. One unusual property, dubbed 
strange weak values, is that the value assigned in this 
way may lie outside the eigenspectrum of the operator 
being measured [8]. Although such strange weak values 
have been observed [TOj [TTJ [I2j [I3j [14], the idea that 
the measured value lies outside the operator's eigenspec- 
trum raises questions about realistic descriptions of the 
system's state, and of the measurement process [15J[T6]. 
In this sense, strange weak values explore the same con- 
cepts (or raise the same problems) as the LGI. A formal 
connection between a generalized LGI and weak values 
has been recently proposed [9] , Specifically that there is a 
one-to-one relationship between the violation of the LGI 
and the measurement of a strange weak value. That is, 
the LGI is violated if and only if the experiment yields a 
strange weak value. 

Although formulated in the context of a macroscopic 
system, when applied to a single photon the LGI tests 
the presence of underlying definite trajectories for the 
evolution of a quantum system. The question is actu- 
ally whether our experiment, in which a single photon is 
prepared, weakly measured and eventually post-selected, 
could be understood using the notions of objective exis- 
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tence of measured properties and noninvasiveness of the 
measurement. Here we show an example in which at least 
one of these assumptions fails: we need to admit that ei- 
ther the photon has no deterministic evolution from the 
input to the output state, since it is not in a well-defined 
state, or that such an evolution cannot be monitored, 
however weak the monitor, without being irremediably 
compromised. 

The generalised Leggett-Garg correlation function [6] is 



B = (M a M b ) + (M b M c ) - (M a M c ), 



(1) 



where {M a ,A4b,M c } is a set of three consecutive weak 
measurements on the photon polarization. For a physical 
system with the properties of both realism and noninva- 
sive detection, B must satisfy — 3 ^ B ^ 1 which is 
the Leggett-Garg Inequality (LGI). On the other hand, 
quantum measurements produce values of B satisfying 
[6]: — 3 ^ B ^ 1.5. Thus, there is a violation of the LGI 
if 1 < B ^ 1.5. Detailed analysis [9] shows that, accord- 
ing to quantum mechanics, the violation of the LGI does 
not depend on the measurement strength of either Ai a or 
A^c, so we can perform strong projective measurements 
in those cases without loss of generality. 

A conceptual schematic of our experimental setup is 
shown in Fig. [I] We input a photon in the state 
Win) — cos f \H) + sin where \H) and \V) represent 
horizontal and vertical polarisation states. We consider 
\a in ) as the state prepared by the first measurement M a ] 
in this way, we can deterministically assign the value 1 
io M a - The weak measurement, M bl measures the S\ 
Stokes parameter of a single photon [17], corresponding 
to the degree of polarization in the horizontal-vertical 
basis. The final measurement, Ad Cl is the S2 Stokes pa- 
rameter which quantifies the degree of polarisation in the 
diagonal-antidiagonal basis. Thus, in our case we can 
rewrite ([I]) as 



B = (S 1 ) + (S 1 S 2 )-(S 2 ), 



(2) 



Note that Si is a weak measurement in the sense of 
Leggett and Garg's original paper [5 and £2 is a pro- 
jective measurement. 

The weak measurement is implemented using a non- 
deterministic linear optical controlled-sign gate [I8j [I9j 
EOl EH [22]. The signal qubit |<j in ) in the gate's con- 
trol mode becomes entangled with a meter qubit in the 
target mode, and this latter qubit is measured to ob- 
tain the weak measurement result. The strength of the 
measurement can be set by changing the meter input 
state |/i in ) = 7 \D) + 7|A> (with \D) = ^(\H} + \V)), 
\A) = ^ (\H) - I V)), 7 2 + 7 2 = 1, and 7 G R without 
loss of generality). The strength of the measurement is 
quantified by the knowledge [18], K = 2j 2 — 1. When 
K = 1 (7 = 1), full information is extracted about the 
measured photon, while when K = (7 = l/y/2), the 
photon is left completely undisturbed and unmeasured. 
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FIG. 1: Conceptual representation of the experiment. A sin- 
gle photon is input into the left (signal) arm of the apparatus, 
where it is prepared in a state using a half waveplate (A/2). A 
weak measurement of the polarization is made by interacting 
the photon with a second (meter) photon in a weak measure- 
ment device, which operates via measurement-induced non- 
linearity [13 HH1 US IIS1 EU ESI- The signal and meter pho- 
ton are then measured in coincidence. A coincidence count 
flags successful operation. The signal and meter photons are 
produced in pairs by spontaneous parametric downconversion 
from a bismuth triborate (BiBO) crystal, pumped by lOOfs 
pulses from a frequency doubled Ti:Sa laser centred around 
820nm. See the main text for a description of «M a , Mb, and 
M c 



Between those two extremes, the photon undergoes par- 
tial disturbance, and one can extract the average value 
of Si as [T7] : 



(Si) 



K 



(3) 



where P(D) and P(A) are the probabilities of measuring 
the state D and A of the meter photon, respectively. The 
weak character is reflected in the fact that an increasing 
number of copies are necessary to estimate (Si ) to a given 
precision as K decreases. 

The weak value [3 IE] is calculated by post-selecting on 
a measurement of M c that results in the diagonal state 
for the signal photon [18]. In our implementation, we 
considered the weak value: 



d(Si) 



P(D\D) - P(A\D) 
K ' 



(4) 



where P(A\D) is the probability of measuring the state A 
of the meter photon, conditioned on the post-selection of 
the signal photon in state D, and similarly for P(D\D). 
We expect anomalous values to emerge when |<Ji n ) ap- 
proaches the antidiagonal state \A). 

In Fig. 2a, we report the measured values for the 
LG correlation function, 5, and the weak values for 
the choice K = 0.5445 ± 0.0083 as is varied in the 
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FIG. 2: Variation of the weak value (WV (▼) ) and the 
Leggett-Garg parameter (B (•)) for a range of input states 
| din) parametrised by 0. Post-selection is on the diagonal state 
\D), and the measurement strength is K — 0.5445 =b 0.0083. 
Error bars arise from poissonian counting statistics, (a) B 
parameter formed with Mb — Si- (b) B parameter formed 
with Mb = Si. Solid lines are the theoretical predictions 
from Eqs. ^] and [2] The horizontal lines at ±1 indicate the 



limits of the eigenspectrum of Si . B n 



1.312 ±0.022 



range [0, 2tt] [23 . We attribute the discrepancies be- 
tween the theoretical curves and the data points to im- 
perfect quantum interference at the gate, introducing 
mixture in the states. At this measurement strength we 
achieve a maximum value of the LG correlation function 
of £> max = 1.312 ± 0.022. It is clear that a violation of 
the LGI and the appearance of anomalous positive weak 
values are manifestly correlated; on the other hand, we 
also have strange negative weak values corresponding to a 
value of B compatible with Leggett and Garg's hypothe- 
ses. This seemingly contradicts the results in [9]. We can 
restore the one-to-one correspondence if we consider the 
case Mb — — <Si, shown in Fig. 2b. A violation of the 
LGI is observed in correspondence with the anomalous 
values, in the same range where we had none previously. 
This happens because quantum mechanics predicts no 
values for B below the classical limit of —3: a violation 
is possible only by exceeding the upper bound, hence the 
need for anomalous positive values. 



FIG. 3: Same as Fig. [2] except the measurement strength 
is K — 0.1598 =b 0.0091. Error bars are larger than in Fig. 
[2] because of the reduced post-selection probability. B max = 
1.436 ±0.053 



To understand the effect of the measurement strength 
on violation of the LGI, we repeated the experiement 
with K = 0.1598 ± 0.0091. Here we achieve a maxi- 
mum value of the LG correlation function of £? max = 
1.436 ± 0.053. We also observe a one-to-one correlation 
between LGI violation and strange weak values for this 
measurement strength as shown in Fig. [3] Note that we 
also observe weak values further outside the spectrum of 
Si but with larger error bars as a result of a reduced post- 
selection probability. For this condition, we would expect 
the visibility in the D — A basis to be modified from its 
maximum value by a factor of v 1 — K 2 w 0.98. For com- 
parison, this factor is equal to 0.84 when K = 0.5445 as in 
Fig. 2. Thus, the measurement disturbs the photon sig- 
nificantly less when K = 0.1598 than when K = 0.5445. 

Although violation of the LGI and the observation of 
strange weak values give essentially the same informa- 
tion, the violation of the LGI has to be regarded in some 
way as a more robust indicator. The LGI involves all the 
measured photons, while the measurement of anomalous 
weak values only uses a subset of the measured photons - 
those that satisfy the post-selection criterion. Therefore, 
the probability of detecting a photon with an anoma- 
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lously large weak value becomes fainter as we decrease 
the measurement strength. By adjusting the measure- 
ment strength, we were able to verify that the peak vio- 
lation of the LGI increases as the measurement strength 
decreases [6]. We also observed that the range of val- 
ues for which a violation occurs is extended when the 
measurement is weaker (see Fig. [4|. Physically, the de- 
pendence of the LGI violation on measurement strength 
can be understood in the following way. As the measure- 
ment gets stronger the quantum system becomes more 
"realistic" in the sense that the photon is "prepared" in 
a state by the measurement and will have that value un- 
til measured again. Therefore the system will satisfy the 
LGI. But as the measurement gets weaker, the quantum 
evolution is less disturbed and apparently less realistic 
thus violating the LGI. 
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FIG. 4: Comparison of the Leggett-Garg correlation function 
(B) for a range of input states |cri n ), for the two measurement 
strengths studied above, K = 0.54 (•) and K = 0.16 (A). It 
is shown that the range of violation of the LGI is larger when 
the measurement is less intrusive. The red dashed line is the 
theoretical result for a zero strength measurement. 

One might be tempted to conclude that we have 
strange weak values and, at the same time, the LGI 
violated because we may no longer consider the signal 
photon as a separate system and must consider the sig- 
nal/meter system together. While this notion helps when 
interpreting Bell- type experiments, here it might present 
a difficulty. The weaker the measurement, the less in- 
fluence the signal has on the meter state. We should 
be able to achieve the maximal violation of the LGI in 
the limit of a separable state but then we would be un- 
able to extract the necessary information to determine 
the LG correlation function. The conditions of macro- 
scopic realism and noninvasive measurement are inextri- 
cably entwined in the Leggett-Garg inequality and the 
observation of strange weak values. We were able to test 
the effect of measurement on the results by controlling 
the measurement strength but we are unable to separate 
completely the effect of measurement and the influence, 
or lack thereof, of realism. A desirable and highly non- 



trivial extension of the present work would be to design 
an experiment able to test separately either the macro- 
scopic realism or the noninvasive measurement assump- 
tion. 
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